We study self-assembly in suspensions of supracolloidal polymer-like structures made of crosslinked magnetic particles. Inspired by self-assembly motifs observed for dipolar hard spheres, we focus on four different topologies of the polymer-like structures: linear chains, rings, Y-shaped and X-shaped polymers. We show how the presence of the crosslinkers, the number of beads in the polymer and the magnetic interparticle interaction affect the structure of the suspension. It turns out that for the same set of parameters, the rings are the least active in assembling larger structures, whereas the system of Y-and especially X-like magnetic polymers tend to form very large loose aggregates.
Introduction
Nowadays, the creation of smart materials relies on a multiscale design, from the nanoscale to macroscopic properties. The internal structure at the nano-and micro-levels determines the texture, elasticity, viscosity, taste and other macroscopic properties of soft materials. There are several techniques to change the properties of soft materials: by varying the pH balance, temperature, turning on and off the external fields. The essential condition to use a magnetic field as a control parameter is the presence of magnetically sensitive components in a soft material. There are several ways to incorporate such components into liquids and gels. The common thing for all the techniques is the size of the magnetic building blocks magnetic colloids in the range from a couple of nanometers to several microns. Magnetic colloids in liquid or elastic carriers, directed by applied magnetic fields, or under the action of intrinsic magnetic forces, exhibit hierarchical self-assembling and various structural-phase transitions, which, in turn, can lead to macroscopic changes of all soft material. The list of possible structures and phases is very large and is determined by the size, concentration, type and material of magnetic inclusions.
The oldest and, probably, the most understood example of magnetic soft matter is a ferrofluid [1] , i.e. a system of surfacestabilised single-domain magnetic nanoparticles suspended in a magnetopassive carrier. Nanoparticles in this systems are known to self-assemble [2] [3] [4] [5] [6] and through clustering affect strongly viscous [7, 8] , optical [9] [10] [11] , magnetic [12, 13] and diffusion properties [14] [15] [16] . Even though the self-assembly of magnetic nanoparticles seems to be a promising tool to control the response of a ferrofluid, such structural transformations are very sensitive to noise created by temperature fluctuations [17] , particle polydispersity [18, 19] or particle asphericity [20, 21] .
One of the avenues to avoid such a sensitivity of selfassembly is to predefine the structural motifs: to crosslink the magnetic particles in so-called magnetic filaments [22] [23] [24] [25] [26] [27] or other polymer-like supracolloidal structures [28] . In this case, cluster sizes and shapes cannot be altered by temperature and such clusters will remain connected even under conditions for which self-assembly in a "regular ferrofluid" would have not taken place. However, the question arises: "will, and, in case, how, supracolloidal structures self-assemble?"
In the present computer simulation study, we investigate suspensions of supracolloidal magnetic polymer-like structures (SMP) of linear (LSMP), ring (RSMP), Y-(YSMP) and Xshapes (XSMP), since these structures are predominant at low temperatures in systems of dipolar fluids [12, 29, 30] . We vary the length of SMPs, that is the number of magnetic particles forming them; the concentration of SMPs in the suspension; and the strength of magnetic interparticle interactions. Additionally, we perform the analysis of a ferrofluid with noncrosslinked magnetic particles under the same set of conditions. In this way, we do not only elucidate the influence of crosslinkers on the hierarchical self-assembly, but can also envision the topology-driven structural transitions. We found that while RSMPs are inert and do not self-assemble, LSMPs under the same conditions can exhibit cluster formation, albeit not as strong as that found for YSMPs and XSMPs.
The structure of the manuscript is the following: firstly, in section 2, we discuss computational methods used to study SMPs; next, we present results on cluster-size distributions for various SMPs (section 3.1), analyse how the position of the magnetic bead in a SMP influences its ability to form a connection (section 3.2), and describe the topology of SMP clusters, looking at the types inter-SMP bonds (section 3.3); finally, we summarise our work in section 4.
Model and simulation details
In this work we employ computer simulations with a beadspring model in order to study the self-assembly of dispersions of SMPs with different parameters, and compare their properties with the ones corresponding to analogous dispersions of free dipolar particles (i.e., pure model ferrofluids). In order to model a pure ferrofluid we consider N ferromagnetic spherical particles with diameter σ = 1 and mass m = 1. Each particle has a magnetic moment, µ, in its centre. Interactions between particles in such a system are described by a combination of two potentials. The first one is the dipole-dipole potential, that models the long-range magnetic interaction between any pair i, j of magnetic particles:
where µ i and µ j are their respective dipole moments, r i j = r i − r j is the displacement vector connecting their centres and r = r i j . The second one, is the soft core interaction between these particles, described by the Weeks-Chandler-Andersen pair potential [31] :
where U LJ (r) is the conventional Lennard-Jones potential, U LJ (r) = 4 r −12 − r −6 , that in (2) has been made purely repulsive by truncating and shifting it at the position of its minimum, r cut = 2 1/6 . For simulating SMPs, additionally to steric and magnetic interactions, we take into account the permanent bonds between magnetic particles established by the polymer crosslinkers, using a spring-like bonding potential consisting of two terms. The first one is a simple harmonic spring whose ends are attached to the surface of the bonded particles. The spring attachment points are located at the projection points of the head and the tail of the central dipole moment. Figure 1(a) shows a scheme of this bonding term, that effectively couples the orienation of the dipoles and the chain backbone. The second part of the potential corresponds to a FENE interaction connecting the centres of the linked particles, that limits the maximum extension of the bond. Therefore, the net potential is defined as:
where K is the energy scale of the interaction,μ i = µ i / µ i and µ j = µ j / µ j are the unitary vectors parallel to each associated dipole moment and r 0 is the maximum allowed extension for the bond. We take the same parameters for the bonding potential used in our previous studies [25, 28] : K = 30 and r 0 = 1.5 in our reduced units. With this potential we define the different SMP topologies we study, that are also schematised in Figure  1 .
We performed molecular dynamics simulations in the canonical ensemble at reduced temperature T = 1, using a Langevin thermostat in order to approximate implicitly the effects of the thermal fluctuations of the carrier fluid. In order to mimic a pseudo-infinite system we employed periodic boundary conditions. The long range magnetic interactions were calculated using the dipolar-P 3 M algorithm [32] . We sampled systems of up to 3200 particles, arranged in up to 160 SMPs. Starting from a random distribution of SMPs or free particles, we first equilibrated the systems for 5 · 10 5 integration steps and then performed 350 measurements during a production cycle of 4 · 10 6 integration steps, using a time step of δt = 0.005. We employed the simulation package ESPResSo 3.3.1 [33] .
Results and Discussions
In systems of dipolar particles like those we study here, the self-assembly of the basic dispersed units (single particles in ferrofluids, single crosslinked motifs in dispersions of SMPs) is driven by the dipole-dipole interactions between particles. According to the crosslinking scheme assumed for the SMPs, the permanent bonds tend to keep a strongly attractive dipoledipole interaction between crosslinked neighbours along the chains. Additionally, in an analogous way to the aggregation of free dipolar particles in ferrofluids, particles belonging to SMPs can form non permanent connections with other particles, from the same or different SMPs, as long as their centreto-centre distance is small and the relative orientation of their dipoles is favourable. In difference with permanent bonds, such non permanent connections, similar to those in non-crosslinked systems, can form and break, balancing energetic contribution and thermal fluctuations in thermodynamic equilibrium. Importantly, non permanent connections allow the aggregation of individual SMPs into larger clusters.
Here we study the spontaneous self-assembly of SMPs with linear, Y-and X-topologies by analysing the properties of the clusters they form in absence of external fields. Dispersions of RSMPs were also simulated in our study, showing no significant assembly under any condition, as it was expected [28] . For the rest of topologies, we use three parameters that provide different levels of detail of the structure of their clusters. We start by calculating the probability distributions for the sizes of the clusters. Secondly, we obtain the probability of two given particles to form non permanent connections depending on their positions within the structure of the SMP they belong. Finally, we perform a systematic analysis of the local topology of the connections. In all cases we identify the non permanent connections between the particles by means of a combination of distance and energy criteria: two particles are considered to be connected if their centre-to-centre distance is smaller than r i j ≤ 2 1/6 and their dipole-dipole pair energy, given by expression 1, U dd ( r cut ; µ 1 , µ 2 ) < 0. For all systems we sampled two particle number densities, ρ = 0.01 and ρ = 0.05. We also sampled two values of the squared dipole moment of the particles, µ 2 = 2 and µ 2 = 5, that correspond respectively to a weak and a strong dipole-dipole interaction, relative to the strength of the thermal fluctuations. The latter was set by fixing the reduced temperature to T = 1. As it happens with molecular polymers, the configurational entropy of SMPs depends on the length of their chain-like segments. We analyse this effect by sampling different SMP sizes, that lay within the range L ∈ [9, 21] . The fact that the topologies we study have different symmetries prevents to set up samples with exactly the same amount of particles per SMP. Therefore, in our discussion we will need to compare systems with slightly different SMP sizes. Finally, in order to compare our results for dispersions of SMPs with analogous systems of simple ferrofluids, we also performed simulations of free dipolar particles with the same sets of dipole moments and number densities.
Cluster size distributions
The most coarse parameter we discuss is the probability distribution, P(C * ), of the relative cluster size in each system, C * . This is computed as the fraction of clusters composed of a given amount of connected SMPs, averaged over all measures and normalised by the total amount of SMPs in the system, N. This latter normalisation makes C * to vary between 1/N ≈ 0 (corresponding to clusters of size 1, i.e., to non aggregated SMPs) and In all cases, relative errors estimated for the leftmost maximum observed in the distributions, P(C * ∼ 0), are not larger than 7%. For those distributions in which the probability within the region of large cluster sizes, P(C * ∼ 1), is not negligible, relative errors of the corresponding rightmost maximum are below 20%. Figure 2 shows a selection of results obtained for this parameter in semilogarithmic scale. Specifically, we show the probability distributions corresponding to LSMPs, YSMPs and XSMPs with strong dipole-dipole interactions, both sampled densities and three selected SMP sizes. In all cases, one can see that there is a large probability of having a significant fraction of isolated SMPs in the system, independently from the topology and the density. This probability decays in a roughly exponential way as one looks for larger cluster sizes. This exponential decay is qualitatively similar to the behaviour corresponding to analogous model ferrofluids, also displayed in these plots as dashed lines. The exponential decay in the distribution of cluster sizes in model ferrofluids with weak and moderate magnetic interactions has been determined in several theoretical works [34, 35] . Quantitatively, all SMP systems display a slower decay for small cluster sizes than the equivalent ferrofluid. These distributions also show an interesting interplay between the size of the SMPs and the density of the system in the small cluster size region: whereas for low density the decay corresponding to the largest SMPs is the slowest, at high density it becomes the fastest. Besides this significant dependence on the density and SMP size, that also manifests in the region of large clusters, P(C * ) ≈ 1, the most striking impact on the distributions is the one coming from the SMP shape. This can be seen by comparing Figures 2(a) (corresponding to LSMPs), 2(b) (YSMPs) and 2(c) (XSMPs): while LSMPs show a simple distribution with the discussed almost exponential decay, for YSMPs, at high values of ρ, it also appears a significant probability of finding very large clusters, close to the size corresponding to the total amount of SMPs in the system. This tendency to exhibit a bimodal cluster-size distribution becomes even more pronounced for XSMPs, that display this effect even at low ρ. The extreme case corresponds to XSMPs with the smallest size and the highest density, for which the two maxima of the bimodal distribution are almost equivalent: this represents a system composed of very few isolated XSMPs, with the rest of them being aggregated into a single large cluster. These observations support the predictions about SMP dispersions that we made from the indications obtained for SMP pairs [28] : the topology of SMPs and, particularly, the amount of their free ends, increases dramatically the degree of self-assembly of these systems. Finally, it is also worth to mention that all the results obtained for weak dipole-dipole interactions (not shown) also exhibit a simple exponential decay of the cluster size, still slower than the one corresponding to an equivalent model ferrofluid.
The discussion above allows us to extract two main general conclusions. Firstly, SMPs tend to form larger clusters than equivalent ferrofluids. Second, under strong dipole-dipole interaction conditions, as we increase the concentration of magnetic particles or/and enlarge the amount of free ends or 'valence' of the SMP topology and/or reduce the SMP size, it is more probable to find very large clusters, with a size that compares to the total amount of SMPs in the system.
Connectivity maps
The interplay between the strongly directional dipole-dipole interaction and the predefined topology of the SMPs limits the possibilities to establish favourable connections. The overall properties of the aggregates made of SMPs are largely determined by those particles whose positions in SMPs allow to form extra connections. Here, this effect is analysed in the following way. We choose two particles form different SMPs and calculate the probability for them to form a connection, depending on their geometrical location inside these SMPs. By labelling the particles with an index according to their position, we obtain two-dimensional symmetric probability arrays in which each element P i j shows the probability of particles at positions i and j to be connected. These arrays can be represented graphically as connectivity maps using a colour scale for the probability values. Figure 3 shows a selection of connectivity maps obtained from our simulations. They correspond to dispersions of YSMPs and XSMPs with strong dipole-dipole interaction, the highest value of ρ and the two extreme sampled SMP sizes. Each connectivity map includes a scheme with the labelling of the particles according to their position. In order to ease the discussion, at this point it is convenient to distinguish the main orientation of the particle's dipole at the free ends and around the junction points of each topology: we define a free end to have 'a dipole out' when it is not bonded to a neighbour at the point corresponding to the head of its dipole (for example, particle 1 in YSMPs, see upper row of Figure 3(a) ); analogously, we define a free end to have 'a dipole in' when the point corresponding to the tail of its dipole is not bonded; bonded neighbours of junction particles can be also defined as dipoles 'in' or 'out' depending whether the junction particle is bonded to their corresponding head or tail points, respectively. For example, in the upper left scheme of Figure 3 (a), particle 4 is the junction particle, particles 5, 8, 7 and 10 have each a dipole in and particles 1 and 3 have a dipole out.
The connectivity maps obtained for YSMPs, shown in Figure 3(a) , evidence that the most probable connection in this topology, independently from the SMP size, is established between free ends, as long as one has a dipole in and the other a dipole out. In general, such connections can be very likely because they are compatible with head-to-tail dipole-dipole arrangements. Analogously, connections between free ends with the same dipole orientation are in general energetically very unfavourable. Interestingly, we can see a lower but still significant probability to find connections between free ends with dipole in and particles that have dipoles in respect to the junction. In the case of XSMPs, whose examples of connectivity maps are shown in Figure 3(b) , the only highly probable connection is the one between free ends with different dipole orientations, whereas junctions and their vicinity play no significant role. This suggests that, in any system with strong dipole-dipole interactions, connections between compatible free ends are always dominant. Whenever the topology has the same amount of free ends with each dipole orientation, like in XSMPs, they tend to connect head-to-tail in pairs, exhausting all the most favourable connections. On the other hand, if the amount of free ends with each dipole orientation is not the same, like in YSMPs, not all of those with a more numerous orientation can find a complementary neighbour. This frustration pushes them to establish less favourable connections. For YSMPs, among the crosslinked particles, the most energetically unfavourable bonds are those between the central junction particle and the two neighbours with dipoles in. Whereas all other pairs of particles are already bonded in a head-to-tail orientation, with little bending of their bonds, the two particles with dipoles in attached to the junction point of the YSMP repeal each other magnetically, tending to bend their bonds and opening a space to a free end of another SMP to approach. So, when a free end seeks to form a connection and finds no other compatible free end, it finds as a more favourable alternative to perturb one of these weak points in the junction.
The interpretation of the role of free ends discussed above also applies nicely to the rest of systems. For instance, for dispersions of LSMPs with µ 2 = 5 and any sampled length and density, the connectivity maps (not shown) also have a significant probability only for the connection between free ends. Finally, in the case of weak dipole-dipole interactions, the connectivity maps (not shown) display the same qualitative behaviour for all systems, with the only difference of being more blurry due to the increased role of entropy.
Classification
We use a systematic way of classifying inter-SMPs connections according to their local topology, basing our analysis on the number of neighbours each particle has. The criteria used to define neighbours is based on both energy and distance, as discussed above.
We define defect particles as those with more than two bonded neighbours and, if such particles form a close group we address the complete set of defect particles as defect. Following the method proposed by Rovigatti et al., [36] , we introduce two parameters to characterise the defects: s (the number of defect particles in the defect, namely the size of the defect) and w (the number of ways out from the defect).
As previously mentioned, RSMPs rarely form any clusters. So, below we again only report the connection classification for suspensions of LSMPs, YSMPs and XSMPs. We also classify the connections found in the fluids of non-crosslinked dipolar soft spheres.
The bar chart in Figure 4 ( Figure 5 ) presents the fractions of particles involved in defects characterized by w = 3, w = 4 , w > 4 or without junctions for λ = 2 (λ = 5 respectively). For each value of particle number density ρ and interaction strength λ, data are normalised by the total number of particles in the system. Moreover, for each value of the filament length, the sum of the fractions of each kind of defect (w = 3, w = 4 , w > 4 and without junctions) is unity.
For λ = 2 (Fig. 4) , thermal fluctuations dominate in the system. As a result, firstly, not so many inter-SMPs connections are formed. Secondly, even though such connections have a negative energy, the absolute value of the latter is very small. In this regime, the length of the SMP has the highest impact on the formation of inter-SMP connections. Under this condition, if a connection forms, then with the highest probability it is a w = 4 junction; fraction of w = 4 junctions grows with increasing filament length.
In contrast, there are quite a few inter-SMP connections for λ = 5 ( Figure 5 ), but basically no defects. From these histograms one can clearly notice that the highest number of defects can be found in YSMPs. It correlates with connectivity probabilities discussed in the previous subsection. Free ends of YSMPs are likely to attach not only to the free ends, but also to the SMP beads in the vicinity of the permanent Y-junction. As an outcome, a X-like configuration can be obtained. We believe that the large amount of such connections is related to the energy gain obtained through X-defect formation. As discussed above, two particles bonded to the central one in a YSMP are in the most energetically unfavourable configuration due to the magnetic repulsion between side-by-side moments, and as such they stretch the crosslinking springs creating a space for another particle to approach. If the free end connects to one of those "frustrated" particles, it becomes possible to form two almost head-to-tail pairs. It is interesting to compare these results with conventional magnetic fluids containing non-crosslinked nanoparticles. In the studied range of parameters we see basically no junctions. The characteristics for the systems of non-crosslinked dipolar particles can be found in the captions of Figure 4 for λ = 2 and Figure 5 for λ = 5, respectively. In both cases, more than 95 per cent of connections between the particles in non-crosslinked systems are those without defects. In general, in non-crosslinked systems all particles are potentially available to form connections, whereas in the systems of SMPs, this is by far not the case. In fact, if we look at the data presented in Table 1 , where we collected the fraction of permanent bond per particle in various SMPs, one will see that almost each particle is bonded. In other words, each particle has a bond with the probability of at least 89 per cent independently from the type of SMP. So, in agreement with connectivity maps (Fig.  3) discussed above, only few particles in SMPs are participating in the formation of inter-SMP connections. However, for λ = 5, from the analysis of cluster sizes (Fig. 2 ) it clearly follows that SMPs do self-assemble, and as shown in Fig. 5 even form defects. For this reason, we decided to also look at the probability for particles in the SMPs to form a connection. The results are summarised in Table 2 . For λ = 2, it is clearly seen that the probability for a particle to form a connection is rather low, especially for ρ = 0.01, both for the systems of non-crosslinked particles and for the dispersions of SMPs. For ρ = 0.05, the fraction of connections is higher and the largest value is observed for a system without crosslinkers. The second largest fraction of connections per particle is found for XMPs. This tendency holds also for λ = 5. Even though it might seem that the fraction of connections per particle is much higher for noncrosslinked systems, one should compare this results to those from Table 1 , where the number of permanent bonds is shown. Basically, looking at the fraction of connections per particle in XSMPs systems for λ = 5 and ρ = 0.05, it is simply striking to find it only three times smaller than the one for ferrofluids: it clearly indicates that SMPs are effectively more fervent to selfassemble than non-crosslinked particles at the same conditions.
Conclusions
In this manuscript we employed molecular dynamics computer simulations to describe the self-assembly of magnetic supracolloidal polymers of different topologies: linear, ringlike, Y-and X-shaped.
The study presented here is two-fold. First of all, through comparing self-assembly of SMPs to that of noncrosslinked magnetic soft spheres, we investigated the influence of crosslinkers on the cluster formation. It turned out that the presence of crosslinkers affects quantitatively the formation of new interparticle bonds, but does not alter the type of them. Namely, for non-crosslinked systems, LSMPs, YSMPs and XSMPs, for the studied range of parameters, the most probable type of the bond is that leading to the linear segment, the second probable connection results in the formation of X-type junction. Interestingly enough, the branching is more pronounced in solutions of SMPs than in ordinary dipolar soft sphere systems. Secondly, we found that the topology of SMPs plays a crucial part in the self-assembly. Thus, RSMPs are not exhibiting any self-assembly in the studied range of parameters. LSMPs do cluster, but the cluster-size distribution resembles strongly that of non-crosslinked dipolar soft spheres, showing and exponential decay of the cluster size. In contrast to the previous two types of SMPs, YSMPs and XSMPs show bimodal cluster-size distributions, with one of the peaks corresponding to single SMPs and the other to very large clusters. The latter aggregates can contain up to 95 -97 per cent of all SMPs from the small samples we explored. In order to underline the analogy between the molecular valency and the number of SMPs free ends, we additionally analysed the most active participants of the inter-SMP self-assembly. We found that for LSMPs and XSMPs the free ends are the main participants in new connection formation, whereas for YSMPs, also the beads around the junction are able to form an extra connection. The latter can be explained by the weakness of the magnetic interaction of the crosslinked beads forming Y-junction. As a result, attaching a free end to one of them might lead to a creation of a less frustrated dipolar configuration.
Suspensions of SMPs offer a rich variety of self-assembly scenarios depending on the topology and length of the building blocks. The next step, we are currently working on, is to investigate magnetic response of these systems both to weak and strong externally applied fields. Table 2 : The fractions of additional connections per particle for each type of system: LSMPs, YSMPs, XSMPs, for different values of the SMP lengths and systems with non-crosslinked particles. The maximum relative error estimated for these measures is not larger than 4%.
Acknowledgements

